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Supervised Learning

Task: 

– For a given feature vector x ∈ ℜp: 
• Based on an appropriate model find the correct class label                        

g ∈ C = {1, 2, …, L} (L = number of unordered categories).

– Start by building a classification rule consistent with, 
and based on

• A set of training data (n samples) {(xi , gi) | i = 1,…,n} to 
“learn the relationship between feature vectors x ∈ ℜp and the 
groups in C”.

– For new feature vectors xk:
• Predict its class gk with good precision (high probability).

– As always: 
• Validation of the model building is required.
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Probabilistic/statistical approach based on Bayes rile

Assume feature vectors of each class described by a 
probability density f(x|g).

Aposteriori probability of each class g:
– p(g|x) = πgf(x |g)/Σπjf(x |j)

Bayes rule:
– Assign x to class k if the aposteriori probability 

• p(l |x) > p(g |x) when g ≠ l.

Our focus:

– Assume each group described by a normal distributoin
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LDA – Linear Discriminant Analysis: 
Assume all groups multinormal with identical 
covatriance structure Σ and individual  group 
means µ1,...,µL

 For LDA the groups are spearated by linear surfaces:
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Case study

 Iris datasettet (Anderson/Fisher): 

 3 classes - the species of iris: 

– Setosa(1), Versicolor(2) and Virginica(3).

– n = 150 samples (50 of  each class), 

 p = 4 features (in principle measurable by appropriate image analysis 
methodology.)

– Measurements of Sepal- and Petal- length and width.

The dataset was collected by E. Anderson (1935) and analyzed by R.A. Fisher 
(1936)
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Estimation of LDA-model from the empirical data

Demo of simple MATLAB-code

– Results (confution matrix) of leave-one-out crossvalidation:

– Set Vers Virg

– pred Set 50 0 0

– pred Vers 0 48 2

– pred Virg 0 1 49

 Error groups (2 & 3): 3/100

OBS - full ”leave-one-out” crossvalidation can be estimated without 
explicit remodelling (a consequence of linear modeling – similar to 
MLR).
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Canonical variates: Visual/geometrical facet of LDA

 Fisher’s Idea:

– Project data such that classes are “optimally“ separated.
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Fisher’s Formulation

We want to find the projection a maximizing the quatient:

B is the so-called between-groups covariance matrix 
measuring the dispersion of the class means:

One projection is often not enough to separate data and 
one can use se further projections: 
– Maximize the  above quotient over all a that are W-orthogonal to 

projection directions already found.
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LDA applied to the original features = LDA 
applied to the data after projection onto the 
subspace spanned by the canonical variates

Compare the estimated classprobabilities of  LDA 
on original features and LDA on canonical 
variates.
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Classification by regression

Group memberships are dummy-coded

– Use MLR to obtain ”fitted dummies”.

– Classify sample x to the class corresponding to the largest among 
the L fitted values.

 This strategy is not optimal.

– See MATLAB-code applied to IRIS data.

However

– LDA applied to the fitted MLR values = LDA applied to the original 
features (!)
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Classification by regression: The Iris data

Demo of simple MATLAB-code

– Results (confution matrix):

– Set Vers Virg

– pred Set 50 0 0

– pred Vers 0 34 16

– pred Virg 0 7 43

 Error groups (2 & 3): 23/100
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Modifications

RDA:

 PDA/FDA:
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Some other popular classification methods

Nearest Neighbours

Logistic Regression

Classification Trees

Support Vector Machines

Neural Networks

…
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Modifications cont.

 LDA combined with PLS methodology:

– References:

• Ulf G. Indahl, Harald Martens and Tormod Næs:

– ”From dummy regression to prior probabilities in PLS-
DA”, Journal of Chemometrics Volume 21 Issue 12, 
Pages 529 – 536.

• Kristian Hovde Liland, Ulf Geir Indahl.

– “Powered partial least squares discriminant analysis”, 
Journal of Chemometrics, Volume 23 Issue 1, Pages 7 
– 18.
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