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Pål J. From a,�, Kristin Ytterstad Pettersen b, Jan T. Gravdahl b

a Department of Mathematical Sciences and Technology, Norwegian University of Life Sciences, Ås, Norway
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a b s t r a c t

In this paper we derive the singularity-free dynamic equations of spacecraft-manipulator

systems using a minimal representation. Spacecraft are normally modeled using Euler

angles, which leads to singularities, or Euler parameters, which is not a minimal

representation and thus not suited for Lagrange’s equations. We circumvent these issues

by introducing quasi-coordinates which allows us to derive the dynamics using minimal

and globally valid non-Euclidean configuration coordinates. This is a great advantage as the

configuration space of a spacecraft is non-Euclidean. We thus obtain a computationally

efficient and singularity-free formulation of the dynamic equations with the same

complexity as the conventional Lagrangian approach. The closed form formulation makes

the proposed approach well suited for system analysis and model-based control. This paper

focuses on the dynamic properties of free-floating and free-flying spacecraft-manipulator

systems and we show how to calculate the inertia and Coriolis matrices in such a way that

this can be implemented for simulation and control purposes without extensive knowledge

of the mathematical background. This paper represents the first detailed study of modeling

of spacecraft-manipulator systems with a focus on a singularity free formulation using the

proposed framework.

& 2011 Elsevier Ltd. All rights reserved.
1. Introduction

Over the last decades, much research has been devoted
to the analysis of robots operating in a free-fall environ-
ment, and an increasing demand for more sophisticated and
accurate solutions requires more advanced approaches to
the modeling and control of these robots. Furthermore,
continuous and high cost operations calls for more robust
systems [1,2]. In this setting, a good understanding of the
dynamics of spacecraft-manipulator systems is important as
these systems are emerging as an alternative to human
operation in space. Operations include assembling, repairs,
refuelling, maintenance and operation of satellites and space
ll rights reserved.

Prague.
stations. Due to the enormous risks and costs involved with
launching humans into space, robotic solutions evolve as
the most cost-efficient and reliable solution.

Modeling spacecraft-manipulator systems is quite differ-
ent from standard robot modeling. Firstly, the manipulator is
mounted on a free-floating (unactuated) or free-flying (actu-
ated) spacecraft. There is thus no obvious way to choose the
inertial frame. Secondly, the motion of the manipulator
affects the motion of the base, which results in a set of
dynamic equations different from the fixed-base case due to
the dynamic coupling. Finally, we need to consider the effects
of the free-fall environment.

Robustness of these systems is still a major concern for
space operators. We therefore derive the singularity-free
dynamic equations of spacecraft-manipulator systems
using a Lagrangian framework. It is a well known fact
that the kinematics of a rigid body contains singularities if
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the Euler angles are used to represent the orientation and
the joint topology is not taken into account. One solution
to this problem is to use a non-minimal representation
such as the unit quaternion. These are, however, not
generalized coordinates and can thus not be used in
Lagrange’s equations. This is a major drawback when it
comes to modeling vehicle-manipulator systems as sev-
eral methods used for robot modeling are based on the
Lagrangian approach. It is thus a great advantage if also
the vehicle dynamics can be derived from the Lagrange
equations. In this paper we present a thorough treatment
of singularity-free spacecraft-manipulator modeling that
to our knowledge cannot be found in the literature. The
study of mathematically robust modeling of spacecraft-
manipulator systems deserves a dedicated treatment due
to the extremely high demands for reliability and robust-
ness in space applications.

An elegant solution to modeling and control of manip-
ulators with a floating base was presented in Liang et al.
[3] where the free-floating space manipulator system was
mapped into a fixed-base manipulator. It was shown that
the mapping preserved both the kinematic and dynamic
properties of the space manipulator. Most importantly,
we can now use this fixed-base dynamically equivalent
manipulator (DEM) for workspace analysis, trajectory
planning, simulation and control of the space manipula-
tor. More specifically, if the same actuator torques are
applied to both the DEM and the space manipulator, this
will produce the same joint trajectory for both manipu-
lators given the initial conditions are the same. We derive
the singularity-free dynamic equations of the DEM and
find that, similar to the conventional approach, the DEM
obtained using our framework have the same kinetic and
dynamic properties as the space manipulator.

The use of Lie groups and algebras as a mathematical
basis for the derivation of the dynamics of multibody
systems can be used to overcome the problem of singula-
rities. We then choose the coordinates generated by the
Lie algebra as local Euclidean coordinates which allows
us to describe the dynamics locally. For this approach to be
valid globally the total configuration space needs to be
covered by an atlas of local exponential coordinate patches.
The appropriate equations must then be chosen for the
current configuration. The geometric approach presented in
Bullo and Lewis [4] can then be used to obtain a globally
valid set of dynamic equations on a single Lie group, such as
a spacecraft with no robot attached.

Even though combinations of Lie groups can be used to
represent multibody systems, the formulation is very com-
plex and not suited for implementation in a simulation
environment. In Kwatny and Blankenship [5] quasi-coordi-
nates was used to derive the dynamic equations of fixed-
base robotic manipulators using Poincaré’s formulation of
the Lagrange equations. In Kozlowski and Herman [6]
several control laws using a quasi-coordinate approach were
presented, but only robots with conventional 1-DoF joints
were considered. Common for all these methods is, how-
ever, that the configuration space of the system is described
using a vector q 2 Rn. This is not a problem when dealing
with 1-DoF revolute or prismatic joints but more compli-
cated joints such as ball-joints or free-floating joints then
need to be modeled as compound kinematic joints [5], i.e., a
combination of 1-DoF simple kinematic joints. For joints
that use the Euler angles to represent the orientation this
leads to singularities in the representation.

In this paper we follow the generalized Lagrangian
approach presented in Duindam and Stramigioli [7] which
allows us to combine the Euclidean joints and more
general joints, i.e., joints that can be described by the
Lie group SEð3Þ or one of its ten subgroups, and we extend
these ideas to spacecraft-manipulator systems. This
allows us to derive the standard dynamic equations of
spacecraft-manipulator systems without the presence of
singularities, and also a singularity free formulation of the
DEM. There are thus several advantages in following this
approach. The use of quasi-coordinates, i.e., velocity
coordinates that are not simply the time derivative of
the position coordinates, allows us to include joints (or
transformations) with a different topology than that of
Rn. For example, for a spacecraft we can represent the
transformation from the inertial frame to the spacecraft
body frame as a free-floating joint with configuration
space SEð3Þ and we avoid the singularity-prone kinematic
relations between the inertial frame and the body frame
velocities that normally arise in deriving the spacecraft
dynamics [1].

This approach differs from previous work in that it
allows us to derive the dynamic equations of vehicle-
manipulator systems for vehicles with a configuration
space different from Rn. Other formulations that use
quasi-coordinates, for example the one found in Kwatny
and Blankenship [5], assume a configuration space Rn,
which leads to singularities. Using the approach pre-
sented here, the dynamics are expressed (locally) in
exponential coordinates f, but the final equations are
evaluated at f¼ 0. This has two main advantages. Firstly,
the dynamics do not depend on the local coordinates as
these are eliminated from the equations and the global
position and velocity coordinates are the only state
variables. This makes the equations valid globally. Sec-
ondly, evaluating the equations at f¼ 0 greatly simplifies
the dynamics and make the equations suited for imple-
mentation in simulation software. We also note that the
approach is well suited for model-based control as the
equations are explicit and without constraints. The fact
that the configuration space of the spacecraft is a Lie
group also simplifies the implementation. Even though
the expressions in the derivation of the dynamics are
somewhat complex, we have several tools from the Lie
theory that allows us to write the final expressions in a
very simple form.

The proposed approach is well suited for modeling of
space robots for control purposes. It is particularly suited
for motion control [8,9] and especially for model predic-
tive control of such systems [10]. A particularly interest-
ing problem in space robotics for which the proposed
approach is useful is target capturing [11]. The approach
is also easily extended to multi-arm systems [7,12].

The paper is organized as follows: First, we derive the
dynamics of vehicle-manipulator systems using a Lagran-
gian framework. This work is inspired by Kwatny and
Blankenship [5] and Duindam and Stramigioli [7] and in



Fig. 1. Model setup for a robot attached to a spacecraft with coordinate

frame Cb , inertial reference frame C0 and end-effector frame Ce .
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large part based on From et al. [13] where we present a
more general version of the material presented here. A
preliminary version of the this work can be found in From
et al. [14]. Section 2 gives the detailed mathematical
background for the proposed approach. This section can
be skipped and practitioners mainly interested in imple-
mentation can go straight to Section 3 or 4. Section 3
presents the state of the art in spacecraft-manipulator
modeling and in Section 4 the singularity-free dynamic
equations for spacecraft-manipulator systems and the
effects of the free-floating base are treated in detail. To
the authors’ best knowledge a dedicated treatment of
singularity-free modeling of spacecraft-manipulator sys-
tems, like the one we present here, cannot be found in
literature. Secondly, Section 5.1 shows how to derive the
dynamically equivalent manipulator using the standard
approach. In Section 5.2 the singularity-free dynamic
equations for the DEM is presented in detail based on
the formulation presented in Section 2. This section thus
gives a detailed treatment of the dynamically equivalent
manipulator, that was presented in brief in From et al.
[13]. The matrix representation of the dynamics and how
to implement this is presented in great detail which
allows the readers to implement this in a simulation or
control environment without having to perform all the
detailed computations themselves.

2. Mathematical preliminaries

Based on the formulation in From et al. [13], we extend
the classical dynamic equations for a serial manipulator
arm with 1-DoF joints to include the motion of the
spacecraft. We will use several concepts from Lie groups
and algebras to derive the kinematic and dynamic equa-
tions. This section presents in brief the most important
concepts that we will use, we refer to Murray et al. [15]
and From et al. [13] for more details.

Consider the setup of Fig. 1 describing a general n-link
robot manipulator arm attached to a vehicle, in this case a
spacecraft. Choose an inertial coordinate frame C0, a
frame Cb rigidly attached to the vehicle, and n frames
Ci (not shown) attached to each link i at the center of
mass with axes aligned with the principal directions of
inertia. Finally, choose a vector q 2 Rn that describes the
configuration of the n joints. Using standard notation [15],
we describe the pose of each frame Ci relative to C0 as a
homogeneous transformation matrix g0i 2 SEð3Þ of the
form

g0i ¼
R0i p0i

0 1

� �
2 R4�4, ð1Þ

with rotation matrix R0i 2 SOð3Þ and translation vector
p0i 2 R

3. This pose can also be described using the vector
of joint coordinates q as

g0i ¼ g0bgbi ¼ g0bgbiðqÞ: ð2Þ

The 6 degrees of freedom of the vehicle pose g0b and the
joint positions q thus fully determine the configuration
state of the robot. We use g0b (6 DoF) to represent the
vehicle configuration, but the actual configuration space
of the vehicle may be a subspace of SEð3Þ of dimension
mo6. In the case of a spacecraft, the configuration space
can for example be represented by SOð3Þ with dimension
m¼3. When mo6 we define a selection matrix H 2 R6�m

such that the twist is given by

Vb
0b ¼H ~V

b

0b, ð3Þ

where ~V
b

0b 2 R
m determines the m-dimensional velocity

state of the vehicle. The superscript means that the
velocity is observed from the frame attached to the
vehicle (the body frame). The spatial velocity of each link
can be expressed using twists:

V0
0i ¼

v0
0i

o0
0i

" #
¼ V0

0bþV0
bi ¼ Adg0bðH ~V

b

0bþ JiðqÞ _qÞ, ð4Þ

where v0
0i and o0

0i are the linear and angular velocities,
respectively, of link i relative to the inertial frame as seen
from the inertial frame, JiðqÞ 2 R

6�n is the geometric
Jacobian of link i relative to Cb, the adjoint is defined as
Adg :¼ ½R0

p̂R
R � 2 R

6�6, and p̂ 2 R3�3 is the skew symmetric
matrix such that p̂x¼ p� x for all p,x 2 R3. The velocity
state is thus fully determined given the twist ~V

b

0b of the
vehicle and the joint velocities _q.

We have seen how the kinematics of the system can be
described in terms of the (global) state variables g0b, q,
Vb

0b, and _q. To derive the dynamics of the complete
mechanism (including the m-DoF between C0 and Cb)
in terms of these state variables, we follow the general-
ized Lagrangian method introduced by Duindam and
Stramigioli [7]. This method gives the dynamic equations
for a general mechanism described by a set Q ¼ fQig of
configuration states Qi (not necessarily Euclidean), a
vector v of velocity states vi 2 R

ni , and several mappings
that describe the local Euclidean structure of the config-
uration states and their relation to the velocity states.
More precisely, the neighborhood of every state Q i is
locally described by a set of Euclidean coordinates fi 2

Rni as Qi ¼FiðQ i,fiÞ with FiðQ i,0Þ ¼ Q i. FiðQ i,fiÞ defines a
local diffeomorphism between a neighborhood of 0 2 Rni

and a neighborhood of Q i.
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We start by deriving an expression for the kinetic
co-energy of a mechanism, expressed in coordinates Q, v,
but locally parameterized by the coordinate mappings for
each joint. For joints that can be described by a matrix Lie
group, this mapping can be given by the exponential map
[15]. Let f 2 Rn be the local coordinates of the Lie algebra
of SEð3Þ or one of its subgroups, then the exponential map
expðfÞ is given by

ef̂ ¼ Iþf̂þ
f̂

2

2
� � � ¼

X1
n ¼ 0

f̂
n

n!
, ð5Þ

where I (no subscript) is the identity matrix. The dynamics
are thus expressed in local coordinates f for configuration
and v for velocity, and we consider Q a parameter. After
taking partial derivatives of the Lagrangian function, we
evaluate the results at f¼ 0 (i.e., at configuration Q) to
obtain the dynamics expressed in global coordinates Q and
v as desired. We note that even though local coordinates f
appear in the derivations of the various equations, the final
equations are all evaluated at f¼ 0 and hence these final
equations do not depend on local coordinates. The global
coordinates Q and v are the only dynamic state variables
and the equations are valid globally, without the need for
coordinate transitions between various areas of the config-
uration space. Note also that taking the partial derivatives of
the Lagrangian and evaluating at f¼ 0 greatly simplifies (5)
and the closed form expressions of the exponential map is
not needed. This fact greatly simplifies the final equations.

In general, the topology of a Lie group is not Euclidean.
When deriving the dynamic equations for spacecraft from
the Lagrangian, this is normally dealt with by introducing
a transformation matrix that relates the local and global
velocity variables. However, forcing the dynamics into a
vector representation in this way, without taking the
topology of the configuration space into account, leads
to singularities in the representation or other deficiencies.
To preserve the topology of the configuration space we
will use quasi-coordinates, i.e., velocity coordinates that
are not simply the time-derivative of position coordinates,
but given by a linear relation. Thus, there exist differenti-
able matrices Si such that we can write vi ¼ SiðQi,fiÞ

_fi for
every Qi. For Euclidean joints this relation is given by the
identity map while for joints with a Lie group topology we
can use the exponential map to derive this relation.

Given a mechanism with coordinates formulated in
this generalized form, we can write its kinetic energy as
T ðQ ,vÞ ¼ 1

2 vTMðQ Þv with M(Q) the inertia matrix in coor-
dinates Q, and v is the stacked velocities of the vehicle and
the robot joints. The dynamics then satisfy

MðQ Þ _vþCðQ ,vÞv¼ t, ð6Þ

with t the vector of external and control wrenches
(collocated with v), and CðQ ,vÞ the matrix describing
Coriolis and centrifugal forces given by

CijðQ ,vÞ :¼
X
k,l

@Mij

@fk

S�1
kl �

1

2
S�1

ki

@Mjl

@fk

� �����
f ¼ 0

vl

þ
X

k,l,m,s

S�1
mi

@Smj

@fs

�
@Sms

@fj

 !
S�1

sk Mkl

 !�����
f ¼ 0

vl: ð7Þ
We refer to Duindam and Stramigioli [7] for details. To
apply this general result to systems of the form of Fig. 1,
we write Q ¼ fg0b,qg as the set of configuration states
where g0b is the Lie group SOð3Þ, and v¼ ½ðVb

0bÞ
T _qT
�T as the

vector of velocity states. The local Euclidean structure for
the state g0b is given by exponential coordinates, while
the state q is itself globally Euclidean.

From expression (4) for the twist of each link in the
mechanism, we can derive an expression for the total
kinetic energy. Let Ib 2 R

6�6 and Ii 2 R
6�6 denote the

constant positive-definite diagonal inertia tensor of the
base and link i (expressed in Ci), respectively. The kinetic
energy T i of link i then follows as

T i ¼
1

2
ðVi

0iÞ
TIiV

i
0i

¼
1

2
ðð ~V

b

0bÞ
THTþ _qTJiðqÞ

T
ÞAdT

gib
IiAdgib

ðH ~V
b

0bþ JiðqÞ _qÞ

¼
1

2
½ð ~V

b

0bÞ
T _qT
�MiðqÞ

~V
b

0b

_q

" #
¼

1

2
vTMiðqÞv, ð8Þ

with Mb ¼ ½
Ib
0

0
0� 2 R

ðmþnÞ�ðmþnÞ for the vehicle and

MiðqÞ :¼
HTAdT

gib
IiAdgib

H HTAdT
gib

IiAdgib
Ji

JTi AdT
gib

IiAdgib
H JTi AdT

gib
IiAdgib

Ji

24 35 ð9Þ

for the links. The total kinetic energy of the mechanism is
given by the sum of the kinetic energies of the mechanism
links and the vehicle, that is,

T ðq,vÞ ¼
1

2
vT

Ib 0

0 0

� �
þ
Xn

i ¼ 1

MiðqÞ

 !
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

inertia matrixMðqÞ

v, ð10Þ

with M(q) the inertia matrix of the total system. Note that
neither T ðq,vÞ nor M(q) depend on the pose g0b nor the
choice of inertial reference frame C0. We can now write
(6) in block-form as follows:

MVV MT
qV

MqV Mqq

" #
_~V

b

0b

€q

" #
þ

CVV CVq

CqV Cqq

" #
~V

b

0b

_q

" #
¼

tV

tq

" #
: ð11Þ

Here the subscript V refers to the first m entries repre-
senting the spacecraft and q the remaining n2m entries
representing the manipulator.

3. State of the art spacecraft-manipulator dynamics

3.1. Spacecraft dynamics

The attitude of a spacecraft is normally described by
the Euler parameters, or the unit quaternion. This is
motivated by their properties as a non-singular represen-
tation. We note that this is not the minimal representa-
tion, nor generalized coordinates, and thus not suited for
the Lagrangian approach. Also, when transforming back to
Euler angles from the unit quaternion representation a
singularity arises at least one point in the configuration
space. Any positive rotation c about a fixed unit vector n

can be represented by the four-tuple p¼ ½Z eT�T, where
Z¼ cosðc=2Þ 2 R is the scalar part and e¼ sinðc=2Þn 2 R3

the vector part. The kinematic differential equations can
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now be given by [1]

_Z ¼�1
2 e

To0
0b, _e ¼ 1

2ðZIbþ êÞo0
0b, ð12Þ

where o0
0b is the angular velocity of the body frame with

respect to the orbit frame and Ib the spacecraft inertia
matrix. The attitude dynamics are given by

Ib _o0
0bþô

0
0bIbo0

0b ¼ t: ð13Þ

3.2. Spacecraft-manipulator dynamics

The equations of motion of a spacecraft-manipulator
system can be written as

MðQ Þ _vþCðQ ,vÞv¼ t: ð14Þ

Here, v¼ ½_rT0 ðo0
0bÞ

T _qT
�T where r0 is the position of the

center of mass of the spacecraft, o0
0b the angular velocity

of the spacecraft and q is the joint position of the
manipulator.

Alternatively we can use the center of mass of the whole
system to represent the translational motion. Then
v¼ ½_rTcm ðo0

0bÞ
T _qT
�T where _rcm is the linear velocity of the

center of mass of the spacecraft-manipulator system. This is
decoupled from the angular velocity o0

0b and the inertia
matrix for a free-flying spacecraft-manipulator system can
be written as [16]

M¼

mI 0 0

0 Moo MT
qo

0 Mqo Mqq

264
375, ð15Þ

where m is the total mass of the system. The Euler angle
rates _Y0b relate to o0

0b by

_Y0b ¼ TY0b
ðY0bÞo0

0b, ð16Þ

where TY0b
ðY0bÞ can be written as

TY0b
ðY0bÞ ¼

1 sin f tan y cos f tan y
0 cos f �sin f

0 sin f
cos y

cos f
cos y

2664
3775: ð17Þ

Again TY0b
ðY0bÞ is singular at isolated points. The

control torques are given by t¼ ½tTv tTo tTq �
T where tv is

the spacecraft forces, to is the spacecraft moments, and tq

is the manipulator torques.
Other models are also available depending on the

actuators available to control the spacecraft. In the case
where tv,twa0 (free-flying space robots) the center of mass
of the system is not constant, but described by the variable
rcm similar to Eq. (14) if we let v¼ ½_rTcm ðo0

0bÞ
T _qT
�T. If no

external forces act on the system and the spacecraft is not
actuated, the center of mass does not accelerate, i.e., the
system linear momentum is constant and _rcm ¼ 0. This can
be used to simplify the equations to an n-dimensional
system with inertia matrix Mr ¼Mqq�MqoM�1

ooMT
qo and

we get the reduced system by eliminating o

MrðQ Þ €qþCrðQ ,vÞ _q ¼ tq: ð18Þ
The attitude of the spacecraft is then found from

o¼�M�1
ooMT

qo _q: ð19Þ

4. The proposed approach

In the previous section we learned that the relation
between the time derivative of the Euler angles and the
spatial velocities given in Eq. (16) is singularity prone. In
this section we will show how we can derive the
dynamics of spacecraft-manipulator systems without the
presence of singularities. We show this when the space-
craft has configuration space SOð3Þ or SEð3Þ which are the
most important configuration spaces in space robotics.

4.1. Spacecraft with configurations space SEð3Þ

The dynamic equations can be written as

MVV MT
qV

MqV Mqq

" #
_V

b

0b

€q

" #
þ

CVV CVq

CqV Cqq

" #
Vb

0b

_q

" #
¼

tV

tq

" #
: ð20Þ

The inertia matrix can be found as in Eqs. (9) and (10)
with H as the identity matrix.

Recall that the configuration space of a free-floating
vehicle, such as a spacecraft, can be described by the
matrix Lie group SEð3Þ. In this case the matrices Si can be
collected in one block-diagonal matrix S 2 Rð6þnÞ�ð6þnÞ

given by [17]

SðQ ,fÞ ¼
ðI� 1

2 adfV
þ 1

6 ad2
fV
� . . .Þ 0

0 I

" #
, ð21Þ

with adp ¼ ½
p̂4...6

0
p̂1...3
p̂4...6
� 2 R6�6 for p 2 R6 relating the local

and global velocity variables. We note that when differ-
entiating with respect to f and substituting f¼ 0 this
simplifies the expression substantially. To compute the
matrix CðQ ,vÞ for our system, we simply substitute (21)
into (7). Following the calculations found in From et al.
[13] we get

CVV ðQ ,vÞ ¼
X6

k ¼ 1

@MVV

@qk

_qk�adðMðqÞvÞV , ð22Þ

CVqðQ ,vÞ ¼
X6

k ¼ 1

@MVq

@qk

_qk, ð23Þ

CqV ¼
Xn

k ¼ 1

@MqV

@qk

_qk�
1

2

@T

@q
½MVV MT

qV �
Vb

0b

_q

" # !
, ð24Þ

Cqq ¼
Xn

k ¼ 1

@Mqq

@qk

_qk�
1

2

@T

@q
½MqV MT

qq�
Vb

0b

_q

" # !
: ð25Þ

The C-matrix is thus given by

CðQ ,vÞ ¼
Xn

k ¼ 1

@M

@qk

_qk

�
1

2

2adðMðqÞvÞV 0

@T

@q ½MVV MT
qV �

Vb
0b

_q

" # !
@T

@q ½MqV MT
qq�

Vb
0b

_q

" # !2664
3775:
ð26Þ
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This gives us a complete description of the dynamics of
the spacecraft-manipulator systems, as we have assumed
that the space manipulators operates in a free-fall envir-
onment and that no external forces act on the system. We
note that we have removed the singularities from the
equations.
4.2. Spacecraft with configurations space SOð3Þ

The dynamics of a vehicle-manipulator system for a
vehicle with configuration space SOð3Þ are derived in the
same way. The velocity state is, however, fully deter-
mined by only three variables and we choose H so that

Vb
0b ¼H ~V

b

0b, H¼ ½03�3 I3�3�
T: ð27Þ

For free-floating spacecraft we have tV ¼ 0 and rcm is
thus decoupled from the angular velocity of the spacecraft
so we write the kinetic energy of link i of the system as

T i ¼
1

2
½ðob

0bÞ
T _qT
�MiðqÞ

ob
0b

_q

" #
¼

1

2
vTMiðqÞv, ð28Þ

where Mi(q) is given as in (9) and the inertia matrix is
given by substituting Mi(q) into (10) and where H given as
in (27). The configuration space is then given by
Q ¼ fR0b,qg.

The corresponding matrices Si 2 R
ð3þnÞ�ð3þnÞ can be

collected in one block-diagonal matrix S given by

SðQ ,fÞ ¼ ðI�1
2 f̂Vþ

1
6f̂

2

Vþ � � �Þ 0

0 I

" #
: ð29Þ

The precise computational details of the partial deriva-
tives follow the same steps as for the SEð3Þ case except for
CVV. Again, following the calculations found in From et al.
[13] we find CVV as

CVV ðQ ,vÞ ¼
X6

k ¼ 1

@MVV

@qk

_qk�
dðMðqÞvÞ ~V , ð30Þ

where ðMðqÞvÞ ~V is the vector of the first three entries of
the vector MðqÞv (corresponding to ~V

b

0b ¼ob
0b). The

dynamic equations can now be written by (11) with
velocity state v¼ ½ðob

0bÞ
T _qT
�T and configuration space

Q ¼ fR0b,qg. Again we note that the singularity that nor-
mally arises when using the Euler angles is eliminated
and the state space (Q,v) is valid globally.

Alternatively we can re-write the mass matrix so that
it fits into the equation in the form of (18). In this case
we get

Mr ¼Mqq�MqV M�1
VV MT

qV , ð31Þ

which is a 3�3-matrix, as required. The Coriolis matrix is
then found by

CrðQ ,vÞ ¼
Xn

k ¼ 1

@Mr

@qk

_qk�
1

2

@T

@q
ðMrvÞ, ð32Þ

with Mr as in (31) and the dynamics are described by (18),
but without the singularities.
5. The dynamically equivalent manipulator (dem)
approach

The dynamic coupling between the manipulator and
the spacecraft complicates the modeling and control of
such systems. One way to deal with this is to derive a
fixed-based manipulator with the same kinematic and
dynamic properties as the free-floating spacecraft-manip-
ulator system. The dynamically equivalent manipulator
(DEM) [3,18] is a fixed-base manipulator with the base
fixed in the center of mass of the space manipulator. Here,
space manipulator refers to both the satellite and the
manipulator. It can be shown that a given sequence of
actuator torques acting on the DEM will produce the same
joint trajectories for the space manipulator as for
the DEM.

5.1. State of the art

The dynamic equations of the free-floating space
manipulator can be derived from Lagrange’s equations.
We assume a free-fall environment and that all the joints
are stiff. The Lagrangian of the space manipulator is then
given by the kinetic energy only, i.e.,

T :¼
Xnþ1

i ¼ b

1

2
_rT

i mi _riþ
1

2
oT

i RT
0iI

0
i R0ioi

� �
ð33Þ

for both the spacecraft and the links, which is different
from Eq. (9) in that the (spatial) inertia matrix I0

i depends
on the configuration of both the spacecraft and the joints.
mi is the total mass of link i and ri is the distance from the
center of mass of the system to the center of mass of link i.

Similarly, we can define a fixed-based manipulator
(DEM) with a spherical first joint and kinetic energy

T 0 :¼
Xnþ1

i ¼ 1

1

2
vT

i m0iviþ
1

2
ðo0iÞ

T
ðR00iÞ

TI00i R00io
0
i

� �
, ð34Þ

where vi is the velocity of link i with respect to the base. It
can be shown that the kinematic and dynamic parameters
of the space manipulator can be mapped to the DEM by
[3,18]

m0i ¼mi
ð
Pnþ1

k ¼ 1 mkÞ
2Pi�1

k ¼ 1 mk

Pi
k ¼ 1 mk

, i¼ 2 . . .nþ1, ð35Þ

I00i ¼ I0
i , i¼ 1 . . .nþ1, W1 ¼

R1m1Pnþ1
k ¼ 1 mk

, ð36Þ

Wi ¼ Ri

Pi
k ¼ 1 mkPnþ1
k ¼ 1 mk

 !
þLi

Pi�1
k ¼ 1 mkPnþ1
k ¼ 1 mk

 !
, i¼ 2 . . .nþ1,

ð37Þ

lc1 ¼ 0, lci ¼ Li

Pi�1
k ¼ 1 mkPnþ1
k ¼ 1 mk

 !
, i¼ 2 . . .nþ1, ð38Þ

where the vector Wi connecting joint i with joint iþ1 of
the DEM is given by Ri and Li of the space manipulator
where Ri is the vector connecting the center of mass of
link i and joint iþ1 and Li is the vector connecting joint
i with the center of mass of link i. lci is the vector
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connecting joint i and the center of mass of joint i in the
DEM. We refer to Liang et al. [3,18] for details.

5.2. The proposed approach

In this section we reformulate the dynamic equations of
a space manipulator and its dynamically equivalent manip-
ulator using the framework presented in Section 2. This
removes the singularities in the representation, but is
otherwise similar. Assume no spacecraft actuation, so the
center of mass of the system does not accelerate. Then the
kinetic energy of link i of the space manipulator is given by

T i ¼
1

2
ðVi

0iÞ
TIiV

i
0i

¼
1

2
ððVb

0bÞ
THTþ _qTJiðqÞ

T
ÞAdT

gib
IiAdgib

ðHVb
0bþ JiðqÞ _qÞ

¼
1

2
½ðob

0bÞ
T _qT
�MiðqÞ

ob
0b

_q

" #
¼

1

2
vTMiðqÞv, ð39Þ

where Ii is the body inertia and

MiðqÞ :¼
HTAdT

gib
IiAdgib

H HTAdT
gib

IiAdgib
Ji

JTi AdT
gib

IiAdgib
H JTi AdT

gib
IiAdgib

Ji

24 35 ð40Þ

and the inertia matrix is given by substituting this into (10)
with H given as in (27). The configuration space is then
given by Q ¼ fR0b,qg.

Similarly, we can define a fixed-based manipulator
with a spherical first joint, also with configuration
space SOð3Þ. The corresponding inertia matrices are then
given by

M0iðqÞ :¼
HTAdT

g0ibI0iAdg0ibH HTAdT
g0 ibI0iAdg0 ibJ0i

ðJ0iÞ
TAdT

g0ibI0iAdg0ibH ðJ0iÞ
TAdT

g0 ibI0iAdg0 ibJ0i

24 35, ð41Þ

where I0i and the kinematic relations used to compute R00i

and J0i are found from (35)–(38). Thus, we have ~V
b

0b ¼
~V
0b

0b

as required. Specifically, the inertia tensor of link i is given
by I0i ¼ ½

m0
i
I

0
0
D0

i
� and the upper left part of M0b is given by

M0b,VV ¼HTAdT
g0

bb
I0bAdg0

bb
H¼D0b ¼

Jx 0 0

0 Jy 0

0 0 Jz

264
375, ð42Þ

which also represents the inertial properties of the sphe-
rical base link. The Coriolis matrix C0 is then given by (26)
by using M0 instead of M, i.e. (following the mathematics
of (27)–(30)):

C0ðQ ,vÞ ¼
Xn

k ¼ 1

@M0

@qk

_qk

�
1

2

2 dðM0ðqÞvÞ ~V 0

@T

@q ½M
0
VV ðM

0Þ
T
qV �

~V
b

0b

_q

" # !
@T

@q ½M
0
qV ðM

0Þ
T
qq�

~V
b

0b

_q

" # !
26664

37775,

ð43Þ

where ðM0ðqÞvÞ ~V is the vector of the first three entries of the
vector M0ðqÞv (corresponding to ~V

b

0b ¼o0
0b). The specific

computations of the inertia and Coriolis matrices are per-
formed in the same way as for the SEð3Þ case except from
the partial derivatives of the inertia matrices which now
depend on the selection matrix H. This is shown in
Appendix A.

The dynamic equations can now be written as

M0ðqÞ _vþC 0ðQ ,vÞv¼ t, ð44Þ

with M0 given as in (41) and C0 as in (43). Here, v¼

½ðob
0bÞ

T _qT
�T where ob

0b is the velocity state of the spherical
joint of the DEM (and thus also the spacecraft) and _q the
velocity state of the manipulator of the DEM (and the
space manipulator), and Q ¼ fR0b,qg where R0b 2 SOð3Þ
determines the configuration of the spherical joint/space-
craft and q the configuration of the manipulators of the
DEM and space manipulator. Note that the singularity
that normally arises when using the Euler angles is
eliminated and the state space (Q,v) is valid globally.

Most importantly, this fixed-base DEM can now be
used for simulation and control of the space manipulator.
Similar to the conventional approach, the DEM described
by (44) has the same kinetic and dynamic properties as
the space manipulator and if the same actuator torques
tðtÞ ¼ t0ðtÞ, 8t are applied on both the DEM and the space
manipulator, this will produce the same joint trajectory
qðtÞ ¼ q0ðtÞ for 8t 2 ½t0,1� if qðt0Þ ¼ q0ðt0Þ.

6. Conclusions

In this paper the dynamic equations of spacecraft-
manipulator systems are derived based on Lagrange’s equa-
tions. The main contribution is to close the gap between
manipulator dynamics which are normally derived based on
the Lagrangian approach and spacecraft dynamics which are
normally derived using other approaches in order to avoid
singularities. The proposed framework allows us to derive
the dynamics of spacecraft using a minimal, singularity-free
representation based on Lagrange’s equations which natu-
rally extends to include also the manipulator dynamics.
Based on this formulation we also present a singularity free
formulation of the dynamically equivalent manipulator
mapping for space manipulators.
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Appendix A. Computing the partial derivatives of
Mðq1 . . . qnÞ

The partial derivatives of the inertia matrix with
respect to q1, . . . ,qn are computed by

@Mðq1, . . . ,qnÞ

@qk
¼
Xn

i ¼ k

HT

JTi

" #
@TAdgib

@qk
IiAdgib

þAdT
gib

Ii
@Adgib

@qk

� �
½H Ji�

 !

þ
Xn

i ¼ kþ1

0m�m HTAdT
gib

IiAdgib

@Ji

@qk

@TJi

@qk
AdT

gib
IiAdgib

H @TJi

@qk
AdT

gib
IiAdgib

Jiþ JTi AdT
gib

IiAdgib

@Ji

@qk

24 350@ 1A:
ðA:1Þ

Proposition Appendix A.1. Express the velocity of joint k

as V ðk�1Þ
ðk�1Þk ¼ Xk _qk for a constant Xk. The partial derivatives of
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the adjoint matrix is given by

@Adgij

@qk
¼

Adgiðk�1Þ
adXk

Adgðk�1Þj
for iokr j,

�Adgiðk�1Þ
adXk

Adgðk�1Þj
for jokr i,

0 otherwise:

8><>:
Proof. To prove this, we write out the spatial velocity of
frame Ck with respect to Cðk�1Þ when iokr j:

X̂ k _qk ¼ V̂
ðk�1Þ

ðk�1Þk ¼ _g ðk�1Þkg�1
ðk�1Þk ¼

@gðk�1Þk

@qk
gkðk�1Þ _qk,

where X̂ :¼ ½X̂o
0

Xv
0 �. Comparing these terms we get

@Rðk�1Þk

@qk
¼ X̂oRðk�1Þk,

@pðk�1Þk

@qk
¼ X̂opðk�1ÞkþXv:

We can use this relation in the expression for the partial
derivative of Adgðk�1Þk

:

@Adgðk�1Þk

@q
¼

@Rðk�1Þk

@qk

p̂ ðk�1Þk

@qk
Rðk�1Þkþ p̂ðk�1Þk

@Rðk�1Þk

@qk

0
@Rðk�1Þk

@qk

264
375

¼
X̂o X̂ v

0 X̂o

" #
Rðk�1Þk p̂ðk�1ÞkRðk�1Þk

0 Rðk�1Þk

" #
¼ adXk

Adgðk�1Þk
: ðA:2Þ

It is now straight forward to show that

@Adgij

@qk
¼ Adgiðk�1Þ

@Adgðk�1Þk

@qk
Adgkj

¼ Adgiðk�1Þ
adXk

Adgðk�1Þj
: ðA:3Þ

The proof is similar for jokr i. &

Appendix B. Computing the Jacobian and its partial
derivatives

For an n-link manipulator, the Jacobian Ji of link i is
given by

JiðqÞ ¼ ½X1 Adgb1
X2 Adgb2

X3 � � � Adgbði�1Þ
Xi 0 � � � 0�: ðB:1Þ

When the partial derivatives of the adjoint map is
found these can also be used to find the partial derivatives
of the Jacobian, i.e.,

@Ji

@qk
¼ 0ðkþ1Þ�6

@Adgbk

@qk
Xkþ1

@Adgbðkþ 1Þ

@qk
Xkþ2 � � �

@Adgbði�1Þ

@qk
Xi 0ðn�iÞ�n

� �
:

ðB:2Þ

Appendix C. Implementation

C.1. Configuration space SOð3Þ

The matrices needed to compute the Coriolis matrix
can be implemented in the following way for a spacecraft
with configuration space SOð3Þ:

@T

@q
½MVV MT

qV �
Vb

0b

_q

" # !
¼

@ðMvÞ1
@q1

@ðMvÞ2
@q1

@ðMvÞ3
@q1

@ðMvÞ1
@q2

@ðMvÞ2
@q2

@ðMvÞ3
@q2

^ ^
@ðMvÞ1
@qn

@ðMvÞ2
@qn

@ðMvÞ3
@qn

2666664

3777775
¼

P3þn
i ¼ 1

@M1i

@q1
vi

P3þn
i ¼ 1

@M2i

@q1
vi

P3þn
i ¼ 1

@M3i

@q1
viP3þn

i ¼ 1
@M1i

@q2
vi

P3þn
i ¼ 1

@M2i

@q2
vi

P3þn
i ¼ 1

@M3i

@q2
vi

^ ^P3þn
i ¼ 1

@M1i

@qn
vi

P3þn
i ¼ 1

@M2i

@qn
vi

P3þn
i ¼ 1

@M3i

@qn
vi

2666664

3777775, ðC:1Þ

@T

@q
½MqV MT

qq�
Vb

0b

_q

" # !

¼

P3þn
i ¼ 1

@Mðmþ 1Þi

@q1
vi � � �

P3þn
i ¼ 1

@Mðmþ nÞi

@q1
viP3þn

i ¼ 1
@Mðmþ 1Þi

@q2
vi � � �

P3þn
i ¼ 1

@Mðmþ nÞi

@q2
vi

^ & ^P3þn
i ¼ 1

@Mðmþ 1Þi

@qn
vi � � �

P3þn
i ¼ 1

@Mðmþ nÞi

@qn
vi

26666664

37777775: ðC:2Þ

First define the vector

x ~V ¼ ðMðqÞvÞ ~V ¼

ðMðqÞvÞ1
ðMðqÞvÞ2

^

ðMðqÞvÞm

266664
377775¼ ½MVV MT

qV �
Vb

0b

_q

" #
: ðC:3Þ

This gives the second part of (30) as

adx ~V ¼

0 �x3 x2

x3 0 �x1

�x2 x1 0

264
375: ðC:4Þ

The lower part of the second part of (26) is calculated as
in (C.1) and (C.2) and is thus also given by the partial
derivative of the inertia matrix. It is thus only necessary to
compute the partial derivative @MðqÞ=@qi once and use the
result in the both in the first and second part of (26). This
will simplify the dynamic equations for an arbitrary n-link
mechanism mounted on a spacecraft.
C.2. Configuration space SEð3Þ

For a spacecraft with a configuration space SEð3Þ we
first define the vector

x¼ ðMðqÞvÞV ¼

ðMðqÞvÞ1
^

ðMðqÞvÞm

264
375¼ ½MVV MT

qV �
Vb

0b

_q

" #
:

This gives the adjoint part of the second part of (26) as

adx ¼

0 �x6 x5 0 �x3 x2

x6 0 �x4 x3 0 �x1

�x5 x4 0 �x2 x1 0

0 0 0 0 �x6 x5

0 0 0 x6 0 �x4

0 0 0 �x5 x4 0

26666666664

37777777775
: ðC:5Þ

The lower part of the second term in (26) is found from

@T

@q
ðMðqÞvÞV ¼

@ðMvÞ1
@q1

@ðMvÞ2
@q1

� � �
@ðMvÞ6
@q1

@ðMvÞ1
@q2

@ðMvÞ2
@q2

� � �
@ðMvÞ6
@q2

^ & ^
@ðMvÞ1
@qn

@ðMvÞ2
@qn

� � �
@ðMvÞ6
@qn

2666664

3777775, ðC:6Þ



P.J. From et al. / Acta Astronautica 69 (2011) 1057–1065 1065
where @ðMvÞj=@qk is calculated as

@ðMvÞj
@qk

¼
X6þn

i ¼ 1

@Mji

@qk
vi: ðC:7Þ

The second part of (25) is computed in the same way. We
thus only need to compute the partial derivative @MðqÞ=@qi

once and use the result in the both in the first and second
part of (26).
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