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SUMMARY

Multiblock and hierarchical PCA and PLS methods have been proposed in the recent literature in order to
improve the interpretability of multivariate models. They have been used in cases where the number of variables
is large and additional information is available for blocking the variables into conceptually meaningful blocks. In
this paper we compare these methods from a theoretical or algorithmic viewpoint using a common notation and
illustrate their differences with several case studies. Undesirable properties of some of these methods, such as
convergence problems or loss of data information due to deflation procedures, are pointed out and corrected
where possible. It is shown that the objective function of the hierarchical PCA and hierarchical PLS methods is
not clear and the corresponding algorithms may converge to different solutions depending on the initial guess of
the super score. It is also shown that the results of consensus PCA (CPCA) and multiblock PLS (MBPLS) can be
calculated from the standard PCA and PLS methods when the same variable scalings are applied for these
methods. The standard PCA and PLS methods require less computation and give better estimation of the scores in
the case of missing data. It is therefore recommended that in cases where the variables can be separated into
meaningful blocks, the standard PCA and PLS methods be used to build the models and then the weights and
loadings of the individual blocks and super block and the percentage variation explained in each block be
calculated from the result§] 1998 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Since the invention of the NIPALS (non-linear iterative partial least squares) method, principal
component analysis (PCA) and partial least squares or projections to latent structures (PLS) have
become very popular as methods to model and analyze large multivariable collinear data sets.
Figure 1 shows the well-known arrow scheme of the PCA method, which is presented here for
comparing it with the multiblock extension of PCA. The NIPALS algorithm corresponding to this
figure is given in Appendix I.1. A tutorial on PCA and some chemical examples can be found in
Reference 1.

Figure 2 shows the arrow scheme for the PLS method, which is also presented here for comparing it
with multiblock extensions of the method. The algorithm is given in Appendix I.2. A data matrix with
descriptorsX and a data matrix of responséf several objects are represented by their scoaesl
u. The corresponding weights andq are obtained by multiplying the scores through the specific
matrix. Weightw is normalized to length one. New scores are obtained from the weights. This is
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Figure 1. PCA method. A first estimateof the scoret is multiplied through the data matrix X to get an
approximatiorof theloadingp”. Theloadingis normalizedto lengthoneandthenmultiplied backthroughX to
getanewscoret. This is repeatedintil convergencef t
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Figure2. PLSmethod X is representedly its scoret andY is representebly u. A first estimateof u is multiplied

throughX to getanapproximatiorof theweightw'. Theweightis normalizedto lengthoneandmultiplied back

throughX to producet. Fromt andY theweightq" is obtainedwhich givesanewvectoru. Thisis repeatedintil
convergencef t

T
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repeate until convegenceof t. Loadingsp are calculatedfor the deflation Geladi descibed the
history of PLS and its enormousimpact on the chenometrics world.? Tutorials on PLS have
appeaed®* andseveal authorshavetried to descibe the mathematal andstatistcal aspectof the
method>®

The sizesof the scoreand weight vectorsin PCA and PLS are undefinel with respectto a
multiplicative constantc, astw = (tc)[{(w/c). Herceit is necesaryto anchorthesoluion in someway.
In the standad PCA andPLS algorithmsusualy the weights(or loadingsfor PCA) aresetto lengh
one! Thenthesquaredengh of thescoesequalghevariationexplairedby theprincipal component.

In recent yearsseveralPCA and PLS methodshavebeenintroducedwhich bre& the desciptors
and/orresponseinto severalblocks to improve the interpreation of the modds. Thesemultiblock
methodshavebeenusedin casesvhere thenumtler of variabless largeandaddtionalinformationis
availeble for blocking the variablesinto conceptully meanirgful blocks. Applicationsinclude
modelingandmonitoring of largechemial processes’ 2 Seveal algarithms haveappeaed to deal
with multiple-block datausing differentnotation, under namessuchas hierarchical PCA (HPCA),
consesusPCA (CPCA) hierarchical PLS (HPLS) andmultiblock PLS (MBPLS). In this paperwe
reviewthesealgorithms andcomparghemfrom atheaetical point of view usingacommonnotation.
Undesiable propeties such as loss of informaton and convergene problems of someof these
methodsarepointedout and correctedwherepossible.The differencesn the resultsobtainal when
applyingthes methodgo the samedataaretheaeticaly explairedandillustratedwith severalcase
studies It is also shownthatthe resultsof the conseasusPCA and multiblock PLS methodscanbe
calculatedfrom the stardardsingle-bbck PCA andtwo-block PLS methodswhenthe samevariable
scalirgsareappiedfor thesemethodsThestandardnethodgsequireless computationandgive better
estimaton of the scoresin the caseof missingdata.lt is therebre recomnendedthat the standard
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MULTIBLOCK AND HIERARCHICAL PCAAND PLSMODELS 303

PCA and PLS methodsbe usedto build the models and then the weights and loadings of the
individual blocksandsuperblock andthe perentagevariationexplainedin eachblock be calculated
from the results.

2. NOTATION

For the conparisonof multiblock and hieraichical PCA and PLS methodsa consstent notation
schemeis devebpedin this paperfor all the algarithms preented.Data matrices are written as
boldfaceuppercasechaacters vecbors as boldfacelowercasechamactersand scalas as lowercase
characters

Il norm of a vector

X descrigor data

Xb descripor block b

Ep residud of X, after deflaton

Y respamsedata

tp block scoe of X,

u scoreof Y

Wp weightof variablesin block X,
q weightof variablesin Y

Po loadingsof variablesin block Xy,
T superblock containing all t,s

tr superscoe

W superweight

n numker of objectsin all blocks
My numter of X variables

my number of Y variables

My,  humber of variablesin block X,
b block number(b=1,..., B)

Block variableweightswy, representhecontribution of variablesto theblock score Block variable
loadingspy, areusedfor the calculation of block scoesin PCA andalsofor thedeflation of blocksin
PCA and PLS methods Superweightsw+ give the contributionof the block scoresty, to the super
scoret.

PRESSpredicion error sumof squaesof cross-validtedpredictins
RSS residud sumof squaesof calibraion

3. MULTIBL OCK ALGORITHMS
3.1. Multiblock PCA methods

In 1987 at the Frankfurt PLS conferere, Wold et al.*® introduced the conceptof using multiple
blocksin PCA methods Their PCA for multiple blockswascalled consesusPCA (CPCA). It was
introducedasa methodfor comparingseveal blocksof descrigior variablesmeasuredn the same
objects.Figure 3 showsthe arrow schemefor the CPCA methodand the algarithm is given in
Appendk 1.3. The dataaredivided into B blocks Xy, ..., Xg. A consensuslirectionamongall the
blocksis sought A stating consensusr superscoreis sekectedasa columnof oneof theblocks. This
vector is regresed on all blocks X, to give block variable loadingspy. From the block variable
loadings block scoesty, for all blocks are calculated.All block scoresare combinel into a super
block T. Thesuperscorety is thenregressean the superblock to give the superweightw+ of each
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Figure3. CPCAandHPCA methodsIn CPCA a startsuperscorety is regressean all blocks Xy, to give the

block variableloadingsp] . Theblockvariableloadingsarenormalizedo lengthoneandthenmultiplied through

theblocksto give theblock scoreg,. Theblock scoresarecombinedn thesuperblock T. ThenaPCAroundon

T is performedto give the superweightw] (normalizedto lengthone)anda new superscore This is repeated
until convergencef tt. In HPCAt, andty arenormalizedinsteadof wr andpy,

block scoreto the superscore.The superweight is normalized to length one and a new tt is
calculated.A newiterationstartsuntil the superscoreconvegesto a predefired precision.The super
scoreis derivedusingall variables,whereasthe block scoresare derived using only the variables
within the correspading block. The superweight w givesthe relaive importane of the different
blocks X, for eachdimension.After convegence all the blocks are deflatedusing the superscore,
anda secoml superscoe, orthogonéto thefirst, canbe deteminedby repeatingthe aboveiteration
ontheresiduamatrix. Wold etal.*® suggetedthat CPCAcould beappliedfor theanaysisof sensoy
data,for exanple where a numter of refereesarejudging the sensoy quality of a numberof wines.
Eachrefereegives his/herjudgement on variousquaity characterists of thewines(body,bitterness,
color, etc.). The resuts on all the testsfor eachjudge are placedin sepaatedblocks X, and the
summay scoesof eachjudgearetheblock scored,,. Theconsesusof all judgesis representedn the
superscorety, while the superweight wy shows the relative importane of eachjudge in the
consesusscore.

In 1996, Wold et al.* introduceda slightly differentmultiblock PCA methodcalled hierachical
PCA (HPCA, Appendk 1.4). Thearrowschemeof Figure 3 is alsovalid for this algarithm. The only
differenceis in thenormalization.In CPCAthesupemweightwy is normalizedto havelengh oneand
therebre the varian@ explainedby eachprincipal componentis equalto the squaredength of the
correspading superscoe. In HPCA the superscoreis normalzedto lengthone.

Both the CPCA and HPCA algorithms when they were initially preented had convegence
problerrs andhadto be correctedfor thework presentedin this paper In theinitial CPCAalgorithm
only the superweight wt was normalzed to lengh one. This doesnot seemto be enoughfor
convergene; in this study the block variableloadingsp, were alsonormalzed to lengthone.The
HPCAalgorithmwasintroducedwith only thesuperscorett normalized.Thealgarithm convegesto
differentsoluions dependhg on the startingvectr. In this studywe alsonormalize the block scoes
t, to lengh one.Rannaret al.** havealreadyusedthis adjustmenin their adapive versionof HPCA
for the monitoring of batth processes.
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Additiond researclrevealedthat evenwith the normalzation of the block scoresin some cases
HPCA still convegesto seveal solutionsdependingon the initial guessof the superscorety. If the
startingvectoris highly correlatedto a dominan directionin oneof the blocks,thealgarithm cannot
escapdrom this directon andwill sekctit asthe directionof the superscoe t+. If the blocks are
ratheruncorrelagéd(whichis oftentherea®nfor blocking), thenthisresuts in oneof theblocks being
favoredto be descibed by thefinal superscoe. Howeve, becaseof the extranormalization of the
block scoesin the algarithm, often an averagebetwea the soluionsis found. In Appendk Il we
give an exampe to illustrate that HPCA convegesto multiple soluions that dependon the initial
guesf thesuperscore.To preventtheinitial guessfrom favoring any of the blocks, the eigenvetor
of the X"X matrix that correspads to the largesteigenvalie was selectedas initial guessin the
iterationsin theseexanples.This forcesthealgorithmto ‘a specfic soluion’. Howeve, theobjective
functionof theHPCAmethodis notclearasit is for CPCA.Thelatterhasthesameobjectivefunction
as stardard PCA, i.e. maxmization of the variancein X, which is achievedby choosingthe
eigenvetor of XX thatcorrespondto thelargesteigenvalue(Appendk I1), andit is independat of
theinitial guess

Two specialcass mug be noted for the HPCA algarithm. In any principal componentwhereall
block scoresare orthogonal the superscoreof HPCA of that principal componentwill be the exact
meanof all block scoresin the caseof only two blocksthe HPCA superscorewill betheexactmean
of both block scoresThis averagng is not presenin CPCA.

In themultiblockmethodswhere thevariablesareblocked,thenormalizationof theblock variable
loadings(or weights for PLS) seemsmore appeding than that of the scores.This allows one to
comparethe differentblock scoeswith their respedtve lengthson the sameobjects If the block
scoresarenormalzedto length one thelengthsof thelatentvariablesarein theloadngs(and,in PLS,
the weights) of the differentvariablesfor eachblock. This makesa comparisorbetweenthe blocks
ratherdiffi cult.

Finally, apointto noteis thatin the CPCAmethodthe block scoesaredivided by the squareroot
of thenumter of variablesn the specificblock to achieveablock scaling.This meanghateachblock
startswith the samevariane irresyective of its size.Howeve, if additionalknowledge is available,
important blocks can be scaledup and less important blocks can be scaleddown by defining
additionalscalirg factors™*

3.2. Multiblock PLS methods

Extensiams of PLS to use multiple blocks have also beenfound to be useful. Using addtional
informaton thevariablescanbedividedinto blocksto improve theinterpretability of themodd. The
first appication of PLS with multiple X blocks, called PLS path modding, was a non-predictive
one’® Waterqualty paraméersof five siteson Trout Greekin Coloradowere conneded by a path
model. Predctive multiblock PLS models to predict quality of adhesivetapes and quality and
geographt origin of wines,wereintroducedby Frankandco-woikers®*’ Furthernore, Frankand
Kowalski suggeted two differentalgorithmsfor the multiblock method® In the averaghg MBPLS
algorithm a weighted avelage of the block scoresof the sepaate X blocks, accordng to their
correlationwith the respnse,was usedas the superscoreto descrile the respnsescoe u. The
secondalgarithm wasa stepwisealgaithm. For eachlatentvariable only the block with the highest
correlationwith u wassekctedto providethe superscoret.

A refinament of the PLS methodwith multiple blocks was introducedby Wold et al. at the
Frankfurtconferewe *® The methodwas called hierarchical two-block predictive PLS or PLS2H.
This methodcould be usedfor investigationof complicaed sanpleswith mary different physical,
chemicalandothervariablesto characerizethe sample. This PLS methodwith multiple X blocks
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Figure4. HPLS method HPLSis anextensiorof the HPCA method.FirstanHPCA cycleis performedwithout

normalizationof theblock scoregy,. Then,insteadof thePCAcycleon T, aPLScycleis donebetweerl andY

from which a superweight wl and an updatedsuperscoret; are obtained.Thesecycles are repeateduntil
convergencef tt

wasan extersion of the CPCA method.Firsta CPCA cycle is performedon the multiple X blocks.
Thena PLScycleis donewith the superblock T andY. In this PLS cycle boththe superweightwy
andthe Y weight q are normalzed to length one. The CPCA and PLS cycles are repeateduntil
convergene of the superscoretr.

Seveanl othe variationsof this hierarchicalPLS (HPLS) methodhavebeenusedsince that paper.
Slam& usedthe HPLS methodfor the modding of a catalytic crader and the subseuentfrac-
tionationsectian of a petroeumrefinay. That specifc HPLS algorithmuseda normalizationof the
superscoetr insteal of thenormalizationof the supeweightwy indicatedby Wold etal.*® Figure 4
showsthearrow schemeof this hierarchical PLSmodelwith only oneY block. In 1996 Wold etal.**
publishal a slightly different HPLS algarithm which was usedfor modeling processdatafrom a
catalptic cracker Here also the superscoe tt was normalzed, but an addtional stepto assure
orthogoniity of the superscoeswasadded Howeve, this latter stepseemsaunnecasary,sincethe
superscoresare alreadyorthogona The algorithmusedby Slama is presenedin Appendix 1.5 of
this paper.All thesealgorithms'***3gave identical restts and so they are all referredto in the
following asHPLS.

In 1988, Wangen and Kowalski'® introducedanotherPLS algorithmfor multiple blocksthatwas
basecn analgorithmoriginaly presenedby Wold etal.?° This multiblock PLS(MBPLS) algorithm
couldhandk manytypes of pathwayrelationslips betwee the blocks. Blocks canbeleft endblocks,
which only predict subsequenblocks, right end blocks, which are only predictedby preading
blocks,or interior blocks, which are predictedby otherblocks to their left but alsopredictblocks to
theright of themselve. Thearrowschemeof themostbasicMBPLS methodis shown in Figure 5 and
the algorithmis presentedin Appendk 1.6. The main differencebetwee this methodandthe HPLS
methodis thatin MBPLS eachblock X}, is usedin aPLScyclewith Y to calculae theblock scoesty,
where&in HPLSt, is calculatedasin CPCA.Thentheblock scoresareagaincombined in the super
block T andaPLScyclebetwean T andY is performed. Thesecyclesarerepeate until convegence
of the superscoe t+. In this MBPLS algorithm both the block variablke weights wy, andthe super
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Figure5. MBPLS method A startscoreu is regressednall blocksXy, to give theblock variableweightsw] . The

block variableweightsarenormalizedo lengthoneandmultiplied throughthe blocksto give theblock scoregy,.

The block scoresarecombinedinto the superblock T. A PLS cycle betweenT andY is performedto give the

superweight wl, which is also normalizedto length one, and the superscorety. This is repeateduntil
convergencef tt

weight wr are normalized. Block variable loadingsp, are calculatd for the deflation step. The
MBPLS methodhasbeenusedin seveal appicationsfor the monitoring of chenical processes-*%*
The advantageof the blocking approachis that in addition to a monitoring spacefor the whole
process,one alo obtainsmonitoring space for eachprocess block. When a fault occuss in the
processthis approacimakesit mucheasierto detect isolateandidertify causegor thefault. Kourti
et al.?* usedthe MBPLS methodto combinedatafrom preprocssingcondtions and othe process
informaton with the trajectaies of the variablesin the batchprocesgo monitor the batchoperation
andpredictthe quality of the productin a polymerizationprocess.

TheMBPLS methodof Wangen andKowalski usedthe block scoest,, for thedeflaion of thedata
blocksX,,.1° This forcestheblock scoreso beorthogon# butthe superscorest becomecorrelated.
Westerhus and Coenegacht> showedthat by using the block scoe deflationmethod,someof the
information in X may be lostin the deflationstep.The entirevariaton in the direction of the block
scorety, is subtactedfrom eachblock X, eventhough only wy(b), is usedfor predicion of the
responsé . Herews(b) is the superweight of the correspondingdlock scorety,, andwy(b) < 1. This
undesirdle effect becomesworse as the number of blocks increasesin that case each wy(b)
decreass, becase X (wr(b))? = 1. Westehuis and Coenegacht? suggeted usingthe superscoe tr
for thedeflationstep.Thenonedeflatesonly theinformaton from theblocks X, thatwasusedfor the
predictin of the responseY. Now the superscoresbecomeorthogoné and the block scoresare
slightly correlated A similar deflationthat produ@sorthogoné superscoeswasusedby Frankand
Kowalski'®in their averagng algarithm. Thelossof informaton whendeflatingwith theblock scoes
canleadto poor performane. Therdore it is recanmendedhat the superscoredeflationapproach
alwaysbe usedin MBPLS.

To summaize, there aretwo differencedbetwee the MBPLS methodandthe HPLS method.The
first oneis the normalization. In MBPLS the block variable weights wy, and superweight wy are
normalizd to length one,wherea in the HPLS mode only the superscoee t1 is normalizd. The
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secondlifferenceis thatin MBPLSY is regressedn all descrigior blocks X, whereasin HPLSY is
only regresedonthesupemlock T. This causstheblock scorego be differentfor thetwo method.

In both HPLS and MBPLS the block scoresare divided by the squae root of the number of
variablesin theblock to achieveblock scalirg, althoughaddtional scalingfactors canbeintroduced
to scaleup or down the importane of variousblocks**

4. RELATIONSHIPSBETWEEN MULTIBLOCK AND SINGLE-BLOCK ALGORITHMS

For CPCAandMBPLS:It is possibk to calculatethe scoresandvariableweightsandloadngs of the
individual blocks andsuperblock andthe percenageexplaired variationin eachblock by using the
standad PCA and PLS methods Whenthe variablesare scaledwith the sarre scalingfactors, the
superscoesin themultiblock methodsareexacty thesameasthescolesin thestandad methodgsee
Appendk Il). Thereforethe block scoesandblock variableweightsandloadngs canbe calculated
from the resultsof the standardPCA and PLS analyses

4.1. CPCA and PCA

Let X be a datamatrix thatwill bedividedinto B blocks(X4, X5, ..., Xg) with block b havingmy,
variablesTo maintainthesamescalingin PCAasis usedin CPCA,we applythefollowing scalingto
X for the PCA analsis:

X = [Xe/my7, ..., Xa/mya] (1)

The PCAmethodwill beappied on X asdefinedby (1) andthe CPCAmethodon Xy, ..., Xg. Letty
be the superscoe of the CPCA method,t, the block scoreswy the superweight and py, the block
variableloadingof block Xy, Let t be the scoe of the standad PCA method.

The superscoreof CPCA equas the scoe of PCA, i.e. tt = t (seeAppendk 11.1). The block
variableloadngspy, block scoesandsupemweightcanbeobtainedrom thet scoe of standad PCA:

Pp = Xp -1/t -t &)
normalizep, to || p, || =1 (3)
to = Xb - Pp/My 4)
T=1ty,...,t5] (5)
wr =TT -t/tT -t (6)
The residuds for the variablesin block X}, are

Ep = Xp — tr - pp, (7)

The percenageexplaired for eachblock X, equat
[1— tracdE] - Ep)/traceX] - Xp)] x 100% (8)

If the block scalingis not appliedin the CPCA method,i.e. t, = X,[Pp in equaton (4), then X
shouldbe scaledas[ Xy, ..., Xg] for the PCA methodto obtainthe samescoe aswith CPCA

4.2. MBPLS and PLS

In the sane way, MBPLSrestits usingthe superscoredeflaion method? canbe obtainel from the

01998JohnWiley & Sons,Ltd. J. Chanometrcs 12, 301-321(1998)



MULTIBLOCK AND HIERARCHICAL PCAAND PLSMODELS 309

standad PLS method.Let X be a datamatrix of descrifiorsthatis goingto bedividedinto B blocks
with my, variablesfor block b. To maintan the samescalingin PLSasis usedin MBPLS, we apply
the following scalng for the PLS analysis:

X = [Xy/mY2, ... Xg/mYd]

ThePLSmethodwill beappliedon X asdefinedaboveandtheMBPLSmethodon X4, ..., Xg. Lett
bethe superscoreof the MBPLS method.,t,, the block scoes,w+ the superweightandw, the block
variableweightfor block X,,. Lett bethescoreof X andu thescore of Y of thestandardPLS method,
whereY is a datamatrix of responsevariables.

The PLS scores andu equalthe MBPLS superscorest andu (seeAppendix I1.2). Fromthese
resultsthe block scoreg,, block variableweightsw, andsuperweightw- of the MBPLS methodfor
eachblock canbe calculated:

wp = X} -u/u’-u 9)
to = Xp - Wl /my (10)
T = [to, ..., ta)] (12)

wr=T"-u/u"-u (12)

Justaswith PCA, the explainedvariaton for eachblock X, canbe calculated.Again, if no block
scalingis usedin the MBPLS method,i.e. t, = X M, in equatia (10), then X shoutl be scakd as
[X4, ..., Xg] for the PLS methodin orderto obtan the sane scoesaswith MBPLS.

4.3. Discussion

TheaboveequivalencedbetweerCPCAandPCA andbetwee& MBPLS andPLSarevalid only when
thereareno missingvalues.In the caseof missingdatain the PLS andPCA methods? informaton
onthecorrelationsamongthevariabless usedto estimatethe scoes.Theblockingmethodsanonly
usethecorrelationsamongthevariablesthatarein the specificblock to give estimategor thescores,
wherea the stardard PCA and PLS methodsmalke useof the correlationof all the variablesfor the
scoreesimation. In case wherevariablesin differentblocks correlate, missingvalueswill decease
the performane of the blocking methodsas comparedwith the standardPCA and PLS methods

The aboveanalysishasshownthe equivalencebetween CPCA and ordinary PCA and betweea
MBPLS (with superscoredeflaion) and ordinay PLS. Howeve, no suchequivalencesxistswith
HPCA andHPLS.

The HPLS methodof Wold et al.** andMBPLS with superscoe deflatiort? canalsobe usedfor
themodelirg of severalY blocks.Thecaseof severaly blocksmightbeinterestingwhen thenumkber
of response&ariabksis largeandaddtional knowledgefor blockingis presentFor exampk, whena
chemical processprodues several produds, chamacteristic of the produds can be placedinto
differentY blocksto improve theinterpretablity. However justasin the caseof one Y block, in the
MBPLS methodthe samereslts canbe obtaned by first calculatingthe standardPLS modelusing
the appropratevariable scalirg. Insteadof blocking the responsénto severalblocks, it is betterto
first run an ordinary PLS andthen calculate the responsélock scoresandblock variable weights.
This hasthe sameadvantags for calculation speedand presenceof missingvaluesas mentioned
before.

5. SIMULATION STUDIES AND DISCUSSION

In this sectia, cons@susprincipal componengnaysis (CPCA) is comparedwith hierarchcal PCA
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(HPCA) and the multiblock projectionsto latent structures (MBPLS) methodis comparel with
hierarchical PLS (HPLS) asusedby Slama® Both multiblock PLS modds are consileredwith only
oneresmnseblock Y.

Thedifferencesn thereslts obtainal whenthes algorithmsareappliedto the samesetof dataare
illustratedwith exampesfrom simple simulaions andreal datases.

5.1. ConsensusPCA and hierarchical PCA

The difference betwea the two methodsis causedby the different way of normalization in the
correspading algaithm. In both algarithms the superscorewill bethe direcion mostdominart in
theconsasusblock T. Howeve, becasein HPCAtheblock scorearenormalzedto lengh one,the
algorithm searchegor the mostdominart directionin thes normalizd scoresin CPCAthe block
scoresenta T asthey are calculatedfor eachblock andtherebre the superscorewill just be the
directionmog dominart in theblock scoes.Differencesbetweerthe methodsanbe expededwhen
astrongdirectionexistsin only asinge block (Examge 1). Whenthedirectionsarespreadamangthe
blocks,the methodsare expectedo give similar resuts (Exanple 2).

Exampe 1

In the first simulationwe considerfour blocks of five variableswhere one block contairs a strong
directionthatis not availablein the otherblocks:

Xy1=[dy dy dy dy dy], X5 =[d, randn(4)
X3=[d> randr(4)], X4=[d> randr(4)]

Here randr(4) standsfor four columnsof normally distributed randomdatawhich are differentin
eachof the blocks. All blocks have 50 obsevations.Block X, conssts of only one direction d;.
Blocks X, to X, all haveone common direcion d, with four randan variablkes. All directiors are
selectedo beorthogon& Twerty percentof randan noisewasaddedo eachvariabkein eachof the
blocks.All variablesin all the blocks are mean-cergredandscaledto unit variane. Table1 shows
the cumuldive perentagesof explaired variaton of the first two PCsfor the four blocks for the
CPCAandHPCA methods

Thefirst superscoe in the CPCA method,just aswe would expectfrom a standad PCA, is the
direction mod dominart in all the data This is direction d; and thereforeblock X, is described
compleaely by this superscore.The secondsuperscorerepresentsdirecton d, which accounts for
20% of the variationin blocks X, to X4. In the HPCA methodthe first superscoreis directiond,
whichis presenin threeblocksandtheir block scoresandthereforemoreavailablein thesuperblock
thandirecion d,. Direction d; doesnot appea in the secom superscoe either,becase the block
scoresfor the secondcomponentfor X, to X4, which are now randomnumtkers, are set by the
algorithmto beequaly importantin the supermlock. Consideringtheseresults the hierarchcal PCA

Tablel. Cumulativepercentagexplainedvariationof four blockswith CPCA
andHPCA for thefirst two PCs

Block X, Block X, Block X3 Block X4

CPCA PC1 967 o o2 09
PC2 968 198 198 203
HPCA PC1 o 197 196 195
PC2 63 262 250 304
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Table2. Cumulativepercentagexplainedvariationof four blockswith simu-
lated datafor the first two PCsfor CPCAandHPCA

Block X1 Block X, Block X3 Block X,

CPCA PC1 581 386 198 oa
PC2 773 576 581 04
HPCA PC1 5614 384 204 o2
PC2 770 576 5709 (014)

seemgo emphasizethe consesusmorethanthe cons@susPCA, butthe strongdirectionin only one
of the blocks is neverfound. In CPCA the strongbelief of a singlejudgeis preferredto the weak
beliefsof mary.

Example2

The secomnl simulaion showsa casewhere thetwo directionsarespreadverthe blocks. In this case
the resuts of the two methodsare nearly the same.Now the two directiors d, andd, are spread
amongthreeof the four blocks andare not presentin the lastblock X ,:

Xl:[dl dl dl d2 randn(l), X2:[d1 dl d2 randn(Z}
X3=[dy d> d, randr(2)], X4 =[randn(3]

Table2 showsthe cumuldive perentageexplaired variaion of the secondsimulaton for all blocks
for the CPCAandHPCA methods

The percentageexplaired variaions are nearly the same for both methodsand equalto that
expectedyiventhefrequencyof d; andd, in thefour datasetsIn bothmethodghefirst superscoreis
similarto directiond; andthesecondsuperscoreto directiond,. Direction d, accowntsfor 60%,40%,
20% and 0% and direction d, for 20%, 20%, 40% and 0% of the variation in the four blocks
respectivéy.

The superweights wt of both methodsshow how the blocks behavecomparel to eachother.
Figure 6 shows the relatve importan of the four blocksfor CPCA andHPCA accordng to their
superweights. HPCA just signalsthat the direction of the superscoe is preentin the block.
Therefoe blocks X1, X5 and X3 get the samesuperweight of 1[0 for PC1and PC2, becase the
direction of the superscoe is presentin the blocks, irrespective of how much of this directionis
presentin CPCAthe superweightdepend on how muchof the superscoe is presenin the blocks.

Table3 showsthe correlationsbetweerthe cons@susdirectiors d; andd, andthe superscoe t+
and block scoest; to t, of the first and secomn PCs. The correlations betwea the consensus
directiors andthe scoresare somevhat higherfor CPCAthanfor HPCA, which would indicatethat
the consesusdirectionsareestmatedmore accuragly by CPCA;thisis becagein CPCAtheblock
scoresmaintaintheir lengthin the superblock.

ConsenasPCA andhierarchcal PCA arebothmethodghatdealwith multiple blocksof variables
basedon the sane objectsto find latentdirecionsin the data.The abovesimulationsshowthat both
methodgive similar resuts whenthelatentdirectiors arespreadamongtheblocks. Howeve, whena
very strongdirection existsin only oneof the blocks, CPCAfindsthis direction,whereasthe HPCA
algorithmdoesnotfind it. The superweightin CPCAshowshowtheblocksarerelatedto eachothe.
The HPCA superweightonly showswhethe the direction of the superscoreis presenin the block.
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Figure6. Supemweightwy for four blockswith CPCA(c) andHPCA (+). In HPCAws is nearlyonefor all blocks
in whichtheconsensusdirectionis presentCPCAdiscriminatebetweertheblocksby theamounttheconsensus
scoreis presentn the blocks

Table3. Correlationsbetweerdirectionsd; andd, andsuperscorett andblock
scorest; to t, for PClandPC2

tr t to ta t,
CPCA  d,(PC1) 0090 0©90 0981 0961 OD67
d,(PC2) 0087 0973 0O71 0980 0080

HPCA d; (PC1) 0966 0986 0@71 0890 0054
d, (PC2) 0958 0948 0946 00952 0078

5.2. Multibl ock PLS and hierarchical PLS

In this subsectiorwe compareHPLS with MBPLS. Both implementatons of MBPLS, block score
deflatiort® andsuperscoe deflaion,*? will beconsiered Thesuperscoreis calculaedin exactlythe
sameway by bothMBPLS methodsbut the resultsdiffer after thefirst latentvariable becawseof the
different deflation methods

Theblock scoesin MBPLS arechoserto haveaffinity with the responsevariableY, whereasthe
block scoresin HPLS are chosa to have affinity with the consensuscoe ty. Futhermoe, the
normalzationin HPLSis doneon the superscoe, wherea for MBPLS a normalizationof the block
variableweightsandsupemweightis usedIn Exanples3 and4 it is shownthatHPLSsekctsonly one
or a few desciptor blocksto predictthe responseExample 3 shows that the block scoredeflaton
MBPLS useanorevariationof the X blocks butpredictslessof Y. In Example4, simulatddatafrom
ahypotheical processareusedto showthattheobjective of HPLSis not predictablity of Y butrather
explanaion of X.
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Table 4. Resultsof modelingof LDPE datawith HPLS and MBPLS methods.The cumulativepercentagesf
explainedvariationfor both X blocksandY aregiven, asis the CSV/SDfactor for all threemultiblock PLS

methods
HPLS MBPLS (block) MBPLS (super)
%X, %X, %Y CSVISD %X; %X, %Y CSV/ISD %X; %X, %Y CSV/SD
LvV1 8 41 46 074 39 41 61 0B4 24 30 61 0B4

Lv2 44 44 65 082 57 56 83 02 37 48 87 063
LV3 64 53 76 094 69 70 86 095 50 61 91 089
Lv4 78 66 82 003 87 89 90 0m@1 60 75 94 086

Example3. LDPE data

The first comparisonbetwea PLS with multiple blocks is donewith datafrom a multizone tubular
reactorfor the produdion of low-density polyethyiene (LDPE), which wasdescriled by MacGregor
etal.'° The processvariablesaredividedinto two blocksof eight variables The respnseconsistsof
five produd variables that chaiacterizethe LDPE. A review on LDPE processescan be found in
Referenc@3 anddetailsof the simulaion canbefoundin Reference4. Table4 shows theresultsof
the modding for HPLS, MBPLS with block scoe deflaion andMBPLS with superscoredeflaion.
Thecumulative percenagesof explairedvariaton for both X blocksandY aregiven for thefirst four
latentvariables (LV1 to LV4). Furthermore,cross-véidation resultsare indicated by the CSV/D
factor, which is indicative of the predictive abilities of eachprincipal componentlt is the ratio
PRES$/RSS_; andvalueslargerthanunity suggesthat the rth componentdoesnot improvethe
prediction power of themodel?® Here PRESSis the sumof thesquaedpredictian errorsaftertherth
latentvariableandRSS_1 is theresidud sumof squaesafterthe (r—1)th latentvariable.

Table4 clearly showsthat HPLStendsto sekectonly oneof the blocks to useinformationfrom, in
eachlatentvariable.In thefirst latentvariableLV1, 41%of block X, is usedandonly 8% of block X,
while in LV2 almostall informationcomesfrom block X1. TheMBPLSmethodausebothX blocksin
all LVs. This may improve the interpretablity of the HPLS model, becauseonly one X block is
importantfor eachLV, butthe amaunt of explairedY is only 82% after four componentswhereas
MBPLS (superscok deflationmethod)explains94%of thevariaion in Y. The block scoredeflaion
MBPLS methoddescritesmoreof the descrifior blocks,but the respanseis predictedessthanwith
the superscoe deflaion method.This illustratesthe previoudy describedproblemwith deflaion
usingblock scores.Only part of the block scoes (wy(b)(,) is usedfor the predicion of Y in each
componentand yet the entire direction t, is removedfrom X, at the deflation stage.As a result,
variationin eachXy, is removedby deflationprior to its usein predictingY; hencetherelativey high
percenage Xy, explainedandthe low perentageY explaired.

Table5 showsthe correltionsbetweerthe superscoret+ andu andthe block scoest, andt, for
the MBPLS (superscoredeflaion method)and HPLS methodsfor LV1 and LV2. In HPLS the

Table5. Correlationsbetweert, t; andt,, andty andu for MBPLS (super)and HPLS methods

t; MBPLS t, MBPLS t+ MBPLS t; HPLS to HPLS t+ HPLS
tr LV1 o7 085 1 0550 1.00 1
u LvV1 073 082 0-96 0B9 080 0-82
tr Lv2 097 098 1 1.00 040 1
u Lv2 002 088 092 000 058 0-90
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Table 6. Resultsof modelingof simulateddatawith HPLS and MBPLS. The
cumulativepercentagexplainedsumof squaregor the X blocksandY andthe
CSV/SDfactoraregivenfor LV1 to LV4

CSV/SD %X 1 %X, %X3 %Y

HPLS LV1 101 0 78 73 2
LV2 000 82 79 74 26
LV3 101 82 99 99 29
LV4 024 99 99 99 96
MBPLS (super)  LV1 078 59 14 15 54
LV2 0B9 68 53 62 79
LV3 050 97 79 78 95
LV4 094 99 99 99 96

correltion of one of thetwo block scoesto the superscoe is 1100, wherea the correlationwith the
otherblock is ratherlow. The correltionsof the superscores+ with u (082 and0M0) arelessfor
HPLSthanfor the MBPLS method(0@6 and092).

Exampe 4. Sinulated hypohetical process

Thelastexampe is a very simple simulaion of a hypotheticd processconsistingof two units. The
dataavaiable aretemperatiresfrom the first unit (X 1), temperatiresfrom the secondunit (X,) and
pressurefrom thesecondunit (X3). X; canbedescriledby two latentdirectiorsd; andd,. X, andX;
canalsobedescibedby two directiors d; andd, for bothblocks. X ; consistof threecolumnsandX,
and X3 consistof four columnsasfollows:

Xl = [O[50d1 + O[B(ij, 0U5d1 + OQSdz, O|25d1 + OUEij]
X, = [0B0ds + 0B0d,, 025d; + 075d,, 07505 + 025d,, 099d; + 001d,]
X3 = [O[50d3 + 0[5(“4, 0|]5d3 + 0[2&14, O|25d3 + OU5d4, O[Oldg + 0[9%4]

Thequality of theprodud mainly depend®ntheonedirection of thetemperatiresof thefirst process
unit:
Y = dl + 0[2d3

Ten per centof normally distributednoisewasaddedto all variablesin all threeblocksandto the
responseThe latentdirectonsd,, d,, ds andd, werenearlymutualy orthogonal All variablesin all
blockswere mean-centeredand scaledto unit variance.Table 6 showsthe resuts of the modeling
with HPLS andMBPLS (supe scok deflaion) for thefirst four latentvectas (LV1 to LV4).

Thereslts in Table6 showthatin the first latentvariableHPLS descibesthe stronginformaton
from blocks X, and X3 which hasonly a weakrelaton with Y, instea of the smalleramaunt of
information from block X, which hasa strongrelationwith Y. The CSV/SD parameteis evenhighe
than 100 for HPLS for LV1 andLV3, suggesing thattheselLVs do not improve the modd for Y.
After four LVs all theinformationin the X blocks is descriled, but only in thelag LV doesHPLS
makea largejumpto explain 96%of Y. Thismeandhataweaklatentvariabke is usedto explainmog
of the variation of the responsevariable.

Wold et al.'* suggeted thatin orderto estimae the numker of modd componentsto collectin
HPLS, ‘the normalprocedures to first run an“unblocked” modd andthenusethe samenumber of
componerd in the hierarchical modelasin the correspading “unblocked” modd.” Howeve, our
findings contadictthis statemen It is notalwayssulfficiert for HPLSto usethe samenumberof LVs
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Table 7. Resultsof modelingof simulateddatawith HPLS and

MBPLS with only two blocks. The cumulative percentageex-

plainedsumof squaredor the X blocksandY andthe CSV/SD
factoraregivenfor LV1 to LV4

CSVISD  %X; %XX3 %Y

HPLS LV1 101 0 76 2
LV2 001 82 76 26
LV3 002 82 99 29
LV4 o4 99 99 96
MBPLS (super)  LV1 073 70 4 56
LV2 035 94 6 95
LV3 103 98 77 96
Lv4 104 99 98 96

asfor anunblockedPLS modd. MBPLS, which equalsthe standad PLS, only needsthreelL Vs to
explain95% of thevariaton of Y, whereasHPLSexplairedonly 29%of thevarianceafterthreel Vs.

In summay, HPLS actsmore like an HPCR method.This might be expedted from the way the
block scoresarecalculated.lt meanghatHPLS prefersto descrile the variationin X ratherthanthe
covariancebetwea X andY. In agreenentwith this, HPLS sometimesnayneedmoreLVs to reach
thesame amourn of explainedvariationin Y thanMBPLS. HPLSalsoactslike ablock selecor. In the
firstandthird LVs only blocksX, andX 3 areusedto predictY, whereasn thesecom andfourth LVs
only block X, isusedIin MBPLStheblocksarecombinedin all LVs to givethebestpredicing power.

One might arguewith the blocking chos@ in this exampe. Becaug blocks X, and X3 carry
somewvhat similar information (beauseof the relaion betweentemperatire and presurein the
secondunit), they shouldnot be divided. Table7 showsthe resultsof the sane datawhenblocks X,
and X3 are combinal into one new block of eight variables.Combining blocks X, and X3 hardly
makesanydifferenceto the percenageexplainedvariationfor the X blocksandalso for theresporse
variable. The amaunt of explainedvariation for blocks X, and X3 is just combinel into one new
block. Howeve, becawse of the block scalirg, they haveevenlessinfluencethanthey hadastwo
separatélocks.

HPLSshowsthe sameconvergnceproblens asHPCA. Howeva, in this caseno extranormaliza-
tion of the block scoreswvasapplied Thereforefor eachof the latentvectorsthefinal solutionof the
superscorett favorsoneof theblocks.If in Example4 a column of block X, wasusedastheinitial
guesdor the superscoe, thenthefinal superscorewould favor thefirst block andhardly anythingof
blocks X, and X3 would be explained.If any column of block X, or X3 wasselectedasthe initial
guessof the superscoe, thenthe sane resuts would be obtaned asthe onespresenédin Table6.
This explainswhy HPLS actsasa block selecbr. To force the algarithm to ‘a specificsoluion’ in
theseexampés,we chosetheinitial guesgo betheeigenvetor of XX thatcorrespondso thelargest
eigenvalueHowever,the objectivefunction of HPLSis not clearasit is for MBPLS. The latter has
the sane objectivefunctionsasstandad PLS,i.e. maxmization of the covaiancebetwee t+ andu,
whichis achievedy selectingheeigenvetor of XX "YY T thatcorrespadsto thelargesteigenvalue
astr (AppendixlIl). As mentionedabove,HPLS alsoactslike a hierarchcal principal component
regresion (HPCR) method. The scoresof HPLS hardly changewhen the respnsevariable Y is
replacedby any randan variable. Thusthe responséiasalmostno influenceon the selectionof the
scoresThis explainsin Example4 why latentvectorsare selectedthat hardly descrile the resporse
variable.
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6. CONCLUSIONS

In this paperseveraimultiblock andhierarchical PCA andPLS methodghathaverecentlyappeaed
in theliteraturehavebeencomparel. The samenotationwasusedto clearly showthe similarities and
differences betwea the methods. Someconvegenceproblens wereindicated.On someocca$ons
hierachical PCAandhierarchical PLSconvergedo differentsoluionsdependingntheinitial guess
of thesuperscore.Thefinal superscoremodly descibestheblock thatis closesto theinitial guess.
In the caseof HPCA, where the block scoes are also normalized, often an averagebetwea the
solutionsis found. Still, the objective function of the hierarchcal PCAandPLS methodss notclear,
asopposedto CPCA and MBPLS wherethe objectivefunctions are the sameasthoseof standard
PCA andPLSrespectivéy.

Hierarchcal PCA and cons@susPCA havebeencompared For HPCA the initial guessof the
superscorewassetto be equalto the eigenvectorof X "X thatcorrespadsto the largesteigenvalue.
Whentheconsensudirectonsarespreadovertheblocks,themethodgproducesimilar resuts. HPCA
disregads a very strongdirecion from a singe block to favor a we&er directionthatis presentin
multiple blocks; in fact, it neverselectghis strongdirection Whenall blocksareorthogondandno
consesuscanbefound, CPCAlooksfor the block scorewith the highestvariance whereasHPCA
givesthemeanof all theblock scoresregardlessf theirlengh. In the caseof only two blocksHPCA
givestheexactmeanof thetwo block scoesasthe consesuswhereathe consesusscoreof CPCA
is a weightedaverageof both block scoresdependenbn their length.

Hierarchcal PLS and multiblock PLS were also comparel. Two options of deflaion were
comparel for the MBPLS method.The block scor deflaion methodperfornms worsethanthe super
scoredeflationmethodbecawseof theremoval of information from the descrigor blocks thatis never
usedfor predictim. It is thereforerecommenddthatthe superscoredeflationmethodalwaysbeused
in MBPLS. HPLSact like ablock selectionmethod For eachlatentvariable oneor afew blocks are
selectedo be usedfor theregres®n andthe othe blocksarealmostignored. This mayfacilitatethe
interpretationof the model,but the methodperfarmslesswell for predicion of the respnse HPLS
looks morelike anHPCRmethod.The superscoe hardly changs whenthe respnseis replacedoy
any randam variable. As a resut, HPLS may need more latent variablkes to predict the same
percenageof variane of Y asMBPLS.

Thereslts of both CPCAandMBPLS canalsobe calculatedby usingthe standad PCAandPLS
methodsrespectivey when the sarre variable scaling is used.This requiresless conmputationand
givesbetterestimaton for the scoresin the casewhere thereare missirg data,becase correltions
amongall variablescanbeusedfor estimationof thescoesinsteal of only thecorrelationsamangthe
variablesin the specificblock. Therdore we recanmendthat oneshouldusethe standad PCA and
PLS methodswith approprate scalirg of the variablesto obtainthe modeland then calculat the
block scoes,block variable weights, supemweightandpercenagevariaion explainedby eachblock.

APPENDIX |
I.1. Principal ComponentAnalysis (PCA)

Transfom, centerandscak
For eachdimenson
choosestat t
loop until convergene of t

p=X"th't % X loading
normalzep to ||p|| =1
t=X-p/p'p % X score
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end

DEFLATION

X=X —tp'
end

I.2. Projectionsto Latent Structures (PLS)

Transfom, centerandscale
For eachdimenson

choosestartu

loop until convegenceof t
w=X"u/u"u % X weight
normaizew to ||w| =1
t=Xww'-w % X scoe
q=Y"t/it"t % Y weight
u=Y.q % Y score

end

DEFLATION

p=X"t/t"t % X loading

X=X —tp'

Y=Y -tq'

end

[.3. ConsensusPCA (CPCA)

Transfom, centerandscale
For eachdimenson
choosestartt
loop until convegenceof t+
Pp=Xp tr/th-ty % Xp, block variableloadings
normaize py, to ||py|| =1
tp= Xb-pb/rrgl(/b2 % Xy, block scoreg(block scalng)
T =[t4...tg] % Combneall block scoesin T
wr =Tt /t] -ty % Superweight
normalize wy to ||wy|| =1
tr=T-wr % Superscoe
end
DEFLATION
Pb = XJ tr/t]tr
Xp=Xp — tr-pp
end

Somescalirg factor additionalto the block scaling canbe introduced. Thenin the loop t, becomes
t,= so~Xb-pb/m>1(/b2, where s, is the additionalscalingfactor for block X,
I.4. Hierarchical PCA (HPCA)

Transfom, centerandscale
For eachdimenson
chooset to bethe eigenvetor of XX correspading to the largesteigenvalie
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loop until convergene of t+
Pp =X} tr/thty
th = Xp'Pb
normalzet, to ||ty|| =1
T= [tl tB]
Wt = TTtT/t¥tT
tr=T-wy
normalze t to [jt]| =1
end

DEFLATION
Xp=Xp — trp}
end

J.A. WESTERHUISET AL.

% Xy, block variableloadings
% Xy, block scores

% Combhine all block scoesin T
% Superweight
% Superscoe

I.5. Hierarchical PLS (HPLS) (for oneY block)

Transfom, centerandscak
For eachdimenson

chooset to be the eigenvetor of XX correspading to the largesteigenvalie

loop until convergene of tt
Po =X} tr/thtr

ty= Xb'Pb/Wﬁ(/bz
T= [tl tB]
q=Y" tr/t]tr
u= Yq/qTq
wr=T uu"u
tT = T'WT/W$'WT
normalze t to ||t¢|| =1

end

DEFLATION

Xp=Xp — tr-pp

Y=Y —trq"

end

Somescalirg factor additional to the block scaling canbe introduced. Thenin the loop t, becones

% Xy, block variabke loadngs

% Xy, block scoreg(block scaling)
% Combineall X, block scoesin T
% Y weight

% Y score

% X superweight

% X superscore

% Deflation of X, with X superscoe
% Deflationof Y with X superscoe

tp = sb-Xb-pb/rrﬁ(/bz, wheres, is the additional scalingfactor for block X,

[.6. Multiblock PLS (MBPLS) (for oneY block only)

Transfom, centerandscak data

For eachdimensons

takeu = some columnof Y

loop until convergene of t+
W, = XJ-u/u"-u
normalze wy, to ||wp|| =1
th = Xp-We/My
T= [t]_ tB]
wr=T"-u/u"u
normalze wy to ||wy|| =1
tr =T -wy/wlwy

01998JohnWiley & Sons,Ltd.

% Xy, block variable weights

% X}, block scoe

% Combhneall blocksscoesin T
% X superweight

% X superscore
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q=Y" tr/t]tr %Y weight

u=Y-q/q'-q % Y score
end
DEFLATION
Por = X{ tr/tTtr % Deflationwith X superscore
Xp=Xp — tr-Pir % Westerhus and Coeregracht?
Y=Y —trq"
or
Pb =X} to/t] to % Deflation with X, block score
Xp=Xp — tpp} % Wange and Kowalski*®
Y=Y —trq

end

Somescalirg factor additionalto the block scaling canbe introduced. Thenin the loop t, becomes
tp,= so~Xb-Wb/m>l(/b2, wheres, is the addtional scalirg factor for block X,
APPENDX Il
II.1. Proofthatt scoreof PCA equak tt scoreof CPCA (in caseof no missingdata)
PCAoN X (X = [Xq/my2 XomyZ] = [X3 X3]).

t=X-p (13)
t=Xi-p?+X5-p3 (14)
wherep? is the partof p belongingto the variablesin X1
t=(X; X;T - t+ X5 X5 0)/t7 -t (15)
t= (X7 X374+ X5 - X3Nt/tT -t (16)

At convegence (X1-X'] 4+ X5 X"t = (t"-t)t. This shows that t"-t is the largest eigenvalue of
X1-X1" 4+ X5-X5T andt is its corresponéhg eigenvetor.
CPCAo0n X1 andXo:

tr =T wr (17)
tr =ty -wr(1) + tz - wr(2) (18)
tr = (ty-t] -ty +tp-t - t)/t - t7 (19)
tr = [(Xa/mye%) - Py - PL - (XT/MD) - tr + (Xo/M5) - po - P3 - (X3/Ms) - tl/] -tr - (20)
tr = (X Py Pl Xi tr+ X3 pp-pg - X357 tr)/t] -ty (21
whereX} = X y/m}/?
tr=[(X{-Pr-pL- X"+ X3P Py - X3Otrl/t7 - tr (22)
X1 is in fact composedf its first componentX3-p;-p] andthe residué after deflation E;. Thus
tr = [(X] - X317+ X5 - XN )tr] /g -t (23)
tr = {[(X3-P1-PI + EDXi" + (X5 - Py Py + ER)X5 tr}/t1 - tr (24)
tr = {[X;(X; - p1-PL + B+ X5(X5 - Py - pg + Ep)Itr /4y - tr (25)
tr = X3Py - PIXi - tr + EyT - tr) £ X5(p2- P - X5 - tr + BT - to)l/tr ot (26)
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This equalsequatia (22), becaseE;" -t andE,' -t areboth zero.
ET -t =XiT -ttt —py -t} - t1 (27)
Eil tr=py-ty -t —py -t} -t =0 (28)
From equatims (16) and (23) we seethat t and tr are the eigenvetors of X3-Xi' + X5-X5"
correspading to the samelargesteigenvalueandthereforeare equal.
II.2. Proofthatu scoreof MBPLS equalsu scoreof PLS
PLSon X andY (X=[X/my Xa/mE2] =[X3 X3)):

u=Y-q/q"-q (29
u=Y-Y"-t/q"-q-t"-t (30)
u=Y-Y"-X-w/q"-q-t"-t (31)
u=Y YT X)W+ Y- YT-X5-wd/q-q-tT -t (32)

wherewf is the partof w belongng to the variablesin X1
u=Y YT XX T u+ Y YT X X5 u/gt gttt (33)
u=(Y-YT- X X:T4+ Y- YT X5-X3Nu/q"-q-tT-t-u"-u (34)

MBPLS with X3, X, andY:

u=Y-q/q"-q (39
u=Y-Y"-tr/q"-q-t] -ty (36)
U= - Y tg-wr(D)+Y-Y - t2-w(2)/q"-q-t] -ty (37)
U= YT tg-t]-u+Y-Y' -t-t;-u)/q"-q-t]-ty-u' -u (38)

U= (Y YT (Xa/m) - waw] - (XT/my) - u
Y YT (Xo/MG) e - wj - (X3 /M) - ul/qT gt treuTu (39)
u=(Y-YT X, wp-wi - X;Tu+Y YT X5 -wa-wy - X3T-u)/q"-q-tf-tr-u'-u (40)
whereX; = Xo/my?
u=(Y-YT X5 ow-wl - XT4+Y YT X5 wp-wy - X3hu/qT-g-tf-tr-u'-u (41)

In the sarre way asin the CPCA caseit canbe shown that equations (34) and (41) areequal.This
showsthattheu scoreof PLSequalgheu scoe of MBPLS.Thesame canbeshownfor thet scoreof
PLS andthe tt superscoreof MBPLS, whereboth derivations come to the following equation

tr=(X;- XY YT+ X5 X5t Y YDty /uTu-qT gt -ty (42)

APPENDIX 11l

In this appendk an exanple is used to illustrate that HPCA convegesto different solutions
depenéhg ontheinitial guesof thesuperscorett. Thedatausedarefrom thesimulatedhypotheical
procesghatwasshown in Exanple 4. Therearethreeblocks, where X, consiss of temperturesof
the first processunit and X, and X3 contin respectivéy temperatiresand pressures of the second
procesaunit. Blocks X, and X3 are combinedinto one block (X,X3) aswasdonefor the resuts of
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Table8. Cumulativepercentagexplainedvariationof block X; andcombinedblock X,X3 with HPCAwhena
differentcolumnis selectedasinitial guessof superscore

X4, col.lor3 X4, col. 2 XoX3,col. 1,3,4,50r6 X,X3,col.2,70r8

%X 1 %X X3 %X 4 %X X3 %X 1 %X X3 %X 1 %X X3
PC1 42 39 61 18 42 39 1 75
PC2 82 77 82 76 82 77 48 88
PC3 91 89 91 89 82 97 82 99
PC4 99 99 99 99 99 99 94 99

Table7.

Table8 showsthe cunrulative percenagevariaton explainedperblock ateachPCwhen adifferent
columnof ablock is sekectedastheinitial guessof the superscorett. The percenagesof explained
variationin thefirst component{PC1)changdrom 1%to 61%for block X, andfrom 18%to 75%for
combinel block X,X3 dependhg on theinitial guess.

Whentheiniti al guesss the eigenvetor of X "X thatcorrespadsto thelargesteigenalue,aswas
donethroughoutthis study,the HPCA solutionequalsthe solution when column1 or column3 of X,
is chosento be the initial guess.
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